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On the relativistic invariance of the quantization in the 
meson pair theory 


By O. Bruin and S. HJALMARsS 


In some papers [1], [2] the authors have investigated the possible charged 
meson pair theories, in which the mesons are assumed to have spin 0 or 1. 
In these papers we used the generalized Dirac equation for the mesons, and 
_ formulated the possible Lorentz invariant pair interactions with nucleons, ex- 
pressed in the f;:s of the mesons and the yz:s of the nucleons. 

In the present paper we intend to investigate the Lorentz invariance of 
the quantization of the theory. This question has been considered for some 
special cases of the symmetrical meson pair theory in a preliminary note by 
Kanesawa [3], using Tomonaca’s method of field quantization. Due to the 
fact, that the Drrac equation of the mesons does not contain the time deriv- 
atives of the so-called redundant components, the corresponding components 
of the Drrac equation cannot be deduced from a Hamriton formalism. Thus 
the Dirac equation, transformed to TomonaGa’s “interaction representation”’, 
will not in general be of the unperturbed form. Kanrsawa now tackles this 
difficulty by introducing new redundant components in the interaction represen - 
tation, so chosen, that the Dirac equation becomes unperturbed. Such a method 
seems, however, to be rather complicated for more general interactions. For 
this reason we have tried another method, similar to that proposed by HEISEN- 
BERG and Pauti [4] for the electromagnetic field. They made use of small 
additional terms in order to introduce a conjugate momentum to the scalar 
potential. In the same manner we introduce additional terms in the generalized 
Dirac equation of the mesons, thus making all components non-redundant. 
The relativistic invariance of the quantization now follows immediately from 
the proof given by Heisenpera and Pavti [4]. Further, all the components 
of the Dirac equation being now derivable from a Hamitton formalism, we 
get an unperturbed Drrac equation in the interaction representation. Hence, 
the proof of the relativistic invariance can also be performed without difficulty 
according to the method of Tomonaca [5]. 

The invariance proof, sketched above, is performed in the following manner: — 
We introduce the invariant Lagrangian 
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Here ¥ is the meson field and y the field of the nucleons. J is an invariant — 
in the By:s and yz:s, and e is a four-vector, constant in time and space, com~ 
muting with the f;:s and yz:s. The conjugate momenta to the independent field 

variables ¥Y, are defined as Pys, when ; 
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and correspondingly for the conjugate momenta aj4 of the y;:3s. We can now 
form the Hamiltonian in the ordinary way: 
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where the Yj:s and wa:s can easily be expressed in the Pj4:s and 44:8 respect- 
ively. The commutation rules are: 


[Pa(r’), Pus(r’)] =thbi,6(r' —r”) 
and 
[ya (r’), tua (r’')]4 = thy d(r’ —r”). 


With these commutation rules HamiLtTon’s equations give: 
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The Hamitron formalism here developed is easily seen to conform to the 
conditions for the Lorentz invariance of the quantization assumed by HEIsEn- 
BERG and Pautt [4]. 

With the quantization used in [1] ch. VI the energy of the meson field, when 
the nucleons are considered as fixed sources, is equal to half the sum of the 
moduli of all the energy eigenvalues of the non-quantized meson equation. 
Whith the method used in this paper the energy of the meson field is obtained 
‘in an analogous way. Now, when the e:s are introduced, the original eigen- 
values are continually altered. They can be calculated by means of a perturba- 
tion calculation similar to that in [2] ch. IJ. Half the sum of the moduli of 
these eigenvalues is for e, = 0 the same as the result of [2] ch. II. In addition 
to these eigenvalues, however, we obtain for e,~0 new eigenvalues, tending 
to infinity for ¢, = 0. It is easily seen that the contribution of these eigenvalues 
to the result of the perturbation calculation vanishes with e,. Thus the final 
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result of the procedure of this paper, which is evidently Lorentz invariant, 
is the same as the result of [1] and [2]. 


We wish to express our thanks to Professor Oskar Kuen for his kind 
interest in this work. 


Institute of Mathematical Physics, University of Stockholm, December 1950. 
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